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Abstract
We systematically classify 1/2, 1/4 and 1/8 BPS equations in SUSY gauge theories in
d = 6, 5, 4, 3 and 2 with eight supercharges, with gauge groups and matter contents being
arbitrary. Instantons (strings) and vortices (3-branes) are only allowed 1/2 BPS solitons in
d = 6 with N = 1 SUSY. We find two 1/4 BPS equations and the unique 1/8 BPS equation
in d = 6 by considering configurations made of these field theory branes. All known BPS
equations are rederived while many new 1/4 and 1/8 BPS equations are found in dimension
less than six by dimensional reductions.
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1 Introduction
Bogomol’nyi-Prasad-Sommerfield (BPS) states [1] are the most important ingredients for recent
developments in non-perturbative aspects of supersymmetric (SUSY) field theory, string theory
and M-theory. This is because they saturate lower energy bound called the Bogomol’nyi bound,
break/preserve half supercharges, belong to short multiplets of supersymmetry, and therefore are
non-perturbatively stable [2]. Their masses (tension) appear as central (tensorial) charges in the
SUSY algebras. D-branes are such objects in string theory [3]. D-brane configurations made of
various dimensional D-branes and NS5-branes are very powerful tools to study non-perturbative
aspects of SUSY field theory realized on some D-branes [4]. These brane configurations can
be obtained from configuration made of M5- and M2-branes in M-theory through various du-
alities. Therefore classifying possible configuration of M5- and M2-branes is important. Such
classification including possible angles between branes was established in [5].
In the field theory side, there exist four kinds of fundamental 1/2 BPS solitons [6, 7]; in-
stantons [8, 9]1, monopoles [1, 10, 11, 12], vortices [13]–[17] and domain walls [18]–[30], which
are of co-dimension four, three, two and one, respectively.2 These BPS solitons can be regarded
as “field theory branes”. In fact, recently, many kinds of 1/4 BPS composite states of several
BPS solitons, resembling with D-brane configurations in string theory, have been found in SUSY
gauge field theories (or hyper-Ka¨hler sigma models) with eight supercharges in d = 3, 4, 5 [37]–
[55]. Further study of similarity between branes in string/M theory and branes in field theory
is earnestly desired. However it has not been classified yet what kinds of composite solitons are
allowed for BPS states in field theories with eight supercharges.
The purpose of this paper is systematically classifying possible 1/2, 1/4 and 1/8 BPS equations
in SUSY gauge theories in d = 6, 5, 4, 3 and 2 with eight supercharges, with gauge groups and
matter contents being arbitrary. First of all we find that only instantons (strings) and vortices (3-
1Instantons are 1/2 BPS states if embedded into four-dimensional Euclidean space in d = 5, N = 2 (N = 1)
SUSY gauge theories with sixteen (eight) supercharges.
2In addition to these fundamental solitons, there exist several associated solitons: they are an instanton and
a monopole with electric flux, called a dyonic instanton [31] and a dyon [32], respectively, and stationary time-
dependent lumps and kinks, called Q-lumps [33] and Q-kinks [20], respectively. Here lumps [34] (equivalently
sigma-model instantons [35] in Euclidean two dimensional space) can be obtained from semilocal vortices [36] in
the strong gauge coupling limit.
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Table 1: 1/4 BPS and 1/8 BPS configurations in d = 6. Here “©” denotes the world-volume directions
of the solitons, whereas “×” denotes their codimensional directions. Throughout this paper, we use the
following Roman uppercases to represent various solitons: I: instanton, M: monopole, H: Hitchin vortex,
N: Nahm wall, V: vortex, W: domain wall. The indices on these letters imply that those solitons extend
to various directions.
1/4 IVV 0 1 2 3 4 5
Instanton © × × × × ©
Vortex © × × © © ©
Vortex © © © × × ©
1/4 VVV 0 1 2 3 4 5
Vortex © © × × © ©
Vortex © × © × © ©
Vortex © × × © © ©
1/8 IV6 0 1 2 3 4 5
Instanton © × × × × ©
Vortex © © × × © ©
Vortex © × © × © ©
Vortex © × × © © ©
Vortex © × © © × ©
Vortex © © × © × ©
Vortex © © © × × ©
branes) are allowed for 1/2 BPS states in d = 6, by classifying projection operators on fermions.
Second, intersection rules for orthogonal instanton-strings and vortex-3-branes are obtained. By
considering orthogonally intersecting field theory branes, we find that all possible 1/4 and 1/8
BPS field theoretical brane configurations in d = 6 are summarized in Table 1. Third, we
derive two 1/4 BPS equations and the unique 1/8 BPS equation in d = 6 corresponding to
these brane configurations.3 Fourth, all BPS equations in dimensions less than six are derived
from them by the Scherk-Schwarz and/or ordinary dimensional reductions.4 All the previously
3We first assume minimal kinetic term for hypermultiplets. We can consider hyper-Ka¨hler nonlinear sigma
models whose target spaces are hyper-Ka¨hler quotients [56] of the flat spaces, by taking strong gauge coupling
limit. BPS equations for these associated hyper-Ka¨hler nonlinear sigma models are also available.
4d = 6, N = 1 SUSY reduces to d = 5, N = 1; d = 4, N = 2; d = 3, N = 4 or d = 2, N = (4, 4) SUSY.
3
known BPS equations are rederived for particular choice of gauge group and representations of
matter hypermultiplets, while several new 1/4 and 1/8 BPS equations are found. Some of these
equations describe monopoles and/or domain walls also. Therefore all the field theory branes are
unified in d = 6 into instanton-strings and vortex-3-branes, as if D-branes, fundamental string
and NS5-branes are unified into M2- and M5-branes in eleven dimensional M-theory.
We also discuss electrically charged solitons. They are new solitons traveling with the speed of
light in one direction in d = 6, which we call wavy solitons. When dimensionally reduced along
that direction, they become stationary solitons in dimensions less than six. They are dyonic
solitons including dyonic instantons [31] (dyons [32]) in d = 5 (d = 4).
When 1/2 BPS instantons, monopoles and Hitchin-type vortices (in the Hitchin system) are
constructed in systems coupled with the Higgs fields, they become 1/4 BPS composite states of
instantons accompanied with vortices, those of monopoles with vortices and domain walls, and
those of Hitchin vortices with domain walls, respectively. In Abelian gauge theory, they carry
negative instanton, monopole and Hitchin charges and these charges contribute negatively to
the total energy at intersections of solitons. The first one was found in [43] and was called an
“intersecton”. The second one was found in [41] and later was called a “boojum” [42]. The last
one is a domain wall junction with junction charge (interpreted as the Hitchin charge) [50]. In
this paper we point out that these 1/4 BPS states are related by dimensional reductions, similarly
to the well-known descent relation between instantons, monopoles and Hitchin vortices.
In this paper we discuss only projections orthogonal to each other, implying orthogonal branes
(in the absence of fluxes).5 We do not discuss angles between branes as was done in [5] for M2-
and M5-branes in M-theory. We leave it as a future problem. We believe that this paper provides
a guide for pursuing similarity between branes in string/M-theory and field theory branes.
This paper is organized as follows. In Sect. 2, we present Lagrangian in d = 6 and sets of
projection operators for 1/2, 1/4 and 1/8 BPS states. Sect. 3, 4 and 5 deal with 1/2, 1/4 and
1/8 BPS states, respectively. Sect. 6 is devoted to conclusion and discussion.
Before closing the introduction we summarize previously known composite BPS solitons in
SUSY gauge theories and hyper-Ka¨hler nonlinear sigma models with eight supercharges:
5In the presence of magnetic fluxes they can have angle even though projections are orthogonal [41, 50]. We
do not exclude this possibility of angles between branes in this paper.
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[1
4
WV ] Lump-strings ending on a wall was found in a hyper-Ka¨hler sigma model [37]. It was
promoted to a vortex-string ending on a wall in U(1) gauge theory [38]. These composite
states are 1/4 BPS.
[1
4
VM ] A monopole in the Higgs phase is attached by vortices. The total system becomes a
composite 1/4 BPS state of a monopole and vortices [39].
[1
4
WVM ] Even if the above [1
4
WV] and [1
4
VM] are simultaneously considered, a composite state
of walls, vortices and monopoles is still 1/4 BPS [41]. Moduli were completely determined
and all the exact solutions were obtained in the strong gauge coupling limit (reducing to
hyper-Ka¨hler sigma model).
[1
4
IVV ] Instanton-particles in d = 5 are stabilized in the Higgs phase, if they are supported by
a vortex sheet [43]. The 1/4 BPS equation for this also contains intersecting vortices with
intersecting point carrying an instanton charge. Dimensional reductions of this equation to
d = 4, 3, 2 reduce to 1/2, 1/4 BPS equations known so far, except for [1
4
VVV] below.
[1
4
HWW ] Walls were found to constitute a junction as 1/4 BPS states in d = 4, N = 1 SUSY
theories [46]. A wall junction carries a junction charge in addition to two wall charges.
Some exact solutions are known [47]. As first example in theories with eight supercharges,
intersecting walls were found in a hyper-Ka¨hler nonlinear sigma model [48]. A Z3 symmetric
wall junction was constructed in d = 4, N = 2 U(1) gauge theory [49]. All solutions of wall
junctions, called wall webs, have been recently found [50, 51] where all the exact solutions
have been obtained in the strong gauge coupling limit.
[1
4
VVV ] A set of 1/4 BPS equations for triply intersecting lump-strings was found in d = 4, N = 2
hyper-Ka¨hler nonlinear sigma models [54]. It was lifted in [55] up to intersecting lump-
membranes in d = 5, N = 1 theory. Promoting them to gauge theories have not been done
yet. Only this set of equations cannot be obtained from the above [1
4
IVV] by dimensional
reduction.
[1
8
Q-VVV ] Only one set of 1/8 BPS equations has been known so far in theories with eight super-
charges. It is time dependent extension of the above [1
4
VVV], describing triply intersecting
Q-lump-strings (membranes) [54, 55].
Note Added. When we were preparing the manuscript of this paper we were informed
from Kimyeong Lee and Ho-Ung Yee that there exist some overlap between their paper [57] and
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this paper. They also derived 1/8 BPS equations. They constructed a perturbative solution for
one of 1/8 BPS equations and discussed 1/4 BPS dyonic solitons in d = 4.
2 Models and SUSY Projection Operators
2.1 Models
We begin with the 6 dimensional supersymmetric gauge theory with eight supercharges (N = 1
in 6 dimensions). The SUSY multiplets which we will consider in this paper are vector multiplets
and hypermultiplets. The physical fields contained in the vector multiplet are the gauge field
WM (M = 0, 1, 2, 3, 4, 5) and the gaugino λ
i. The gaugino λi belongs to a doublet of the SU(2)R
(i = 1, 2) and is the SU(2)-Majorana Weyl spinor, namely γ7λ
i = λi and λi = Cεij(λ¯j)
T . Here γ7
is defined by γ7 = γ
012345 and C is the charge conjugation matrix in 6 dimensions6. The physical
fields in the hypermultiplets are scalar fields H iA which are SU(2)R doublets and the hyperinos
ψA (Dirac spinor) whose chirality is γ7ψ
A = −ψA. The indices A,B, · · · stand for both the gauge
group and the flavor symmetry. Then the bosonic Lagrangian with the minimal kinetic terms in
6 dimensions is given by
L6 = − 1
4g2I
F IMNF
IMN +
(DMH iA)∗DMH iA − 1
2g2I
(Y Ia )
2, (2.1)
where we define
Y Ia = g
2
I
[
ζIa − (H iA)∗(σa)ij(TI)ABHjB
]
. (2.2)
We imply the summation over repeated indices. Here I is the index for generators TI of the gauge
group, and gI denotes the gauge coupling constant taking the same value for each group in the
product gauge group. In our conventions, a covariant derivative and a field strength are given
by DM = ∂M + iWM and FMN = −i[DM , DN ] (with X = XITI), respectively. Real constants
ζIa (a = 1, 2, 3), called the Fayet-Iliopoulos (FI) parameters, can have nonzero values only for I
corresponding to the Abelian subgroups. Masses for hypermultiplets are prohibited in d = 6.
(They can have masses in lower dimensions as shown below.)
6Our convention for the metric is ηMN = diag(+,−, · · · ,−). The gamma matrices satisfy the Clifford algebra
{γM , γN} = ηMN and the charge conjugation matrix is defined by C−1γMC = γTM and CT = −C.
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The SUSY transformations for the spinor fields in 6 dimensions are given by
δελ
i = 1
2
γµνFµνε
i + Ya(iσa)
i
jε
j, δεψ = −
√
2iγµDµH iǫijεj. (2.3)
Here, a parameter εi for the SUSY transformation is an SU(2) Majorana-Weyl spinor which
satisfies εi = Cǫij(ε¯j)
T, γ7ε
i = +εi.
We can obtain the d(< 6) dimensional supersymmetric gauge theory with eight supercharges,
by performing the Scherk-Schwarz (SS) and/or the trivial dimensional reductions (6 − d)-times
from the 6 dimensional theory, after compactifying the p-th (p = 5, 4, · · · , d) direction to S1 with
radius Rp. We consider the twisted boundary condition for the dimensional reduction along the
xp-direction, given by
H iA(xµ, xp + 2πRp) = H
iA(xµ, xp)eiαpA , (|αpA| ≪ 2π) , (2.4)
where µ(= 0, · · · , d− 1) is a spacetime index in d dimensions. If we consider effective action at
sufficiently low energy, we can ignore the infinite towers of the Kaluza-Klein modes and have the
lightest fields as functions of the d dimensional spacetime coordinates
Wµ(x
µ, xp)→Wµ(xµ), Wp(xµ, xp)→ −Σp(xµ), (2.5)
H iA(xµ, xp)→ 1∏
p
√
2πRp
H iA(xµ) exp
(
i
∑
p
mpAx
p
)
, mpA ≡ αpA
2πRp
. (2.6)
Integrating the 6 dimensional Lagrangian in Eq.(2.1) over the xp-coordinates, we obtain the d
dimensional Lagrangian
Ld = − 1
4g2I
F IµνF
Iµν +
1
2g2I
DµΣIpDµΣIp +
(DµH iA)∗DµH iA
+
1
4g2I
([Σp,Σq]
I)2 − 1
2g2I
(Y Ia )
2 − ∣∣H iAmpA − ΣIp(TI)ABH iB∣∣2 , (2.7)
where we have redefined the gauge couplings and the FI parameters in d dimensions from 6
dimensions as g2I →
(∏
p 2πRp
)
g2I , ζ
I
a → ζIa/
(∏
p 2πRp
)
. By construction one finds that there
exist (6− d) real mass parameters for hypermultiplets in d dimensions.
In this paper we are mainly interested in composite states of solitons living inside the Higgs
branches of gauge theories with eight supercharges, in particular when we consider vortices
and/or domain walls. Therefore we prepare sufficiently large number of hypermultiplets. For the
massless hypermultiplets, the Higgs branches are hyper-Ka¨hler quotient [56] given by Mvac. =
7
{H iA | Y Ia = 0}/G where G denotes the gauge group. The real dimension of the Higgs branch is
dimMvac. = 4(nH − dimG) with nH the number of hypermultiplets. When we introduce masses
in lower dimensions by the SS dimensional reductions, the Higgs branch of vacua is lifted by
masses except for fixed points of the U(1) Killing vectors [58] induced by the U(1) actions in
Eq. (2.4). In the strong gauge coupling limit, the model reduces to a hyper-Ka¨hler nonlinear
sigma model on the hyper-Ka¨hler manifold Mvac. with a potential given by the square of the
Killing vectors [58].
A typical model often considered so far is U(NC) gauge theory coupled to NF (≥ NC) hy-
permultiplets in the fundamental representation with one triplet of FI parameters. There exists
the unique Higgs vacuum for NF = NC, called the color-flavor locking phase, up to gauge trans-
formation. Massless vacua for NF > NC are given by the cotangent bundle over the complex
Grassmann manifold GNF,NC ≃ SU(NF)/[SU(NC) × SU(NF − NC) × U(1)] [56]. Introducing
non-degenerate masses, only NF!/[NC! × (NF − NC)!] discrete points remain as vacua [59]. In
the strong gauge coupling limit, the model reduces to the massive hyper-Ka¨hler nonlinear sigma
model on T ∗GNF,NC . Another model often considered is a hyper-Ka¨hler nonlinear sigma model on
the ALE space. It can be obtained in the strong coupling limit from U(1)N gauge theory coupled
to (N +1) hypermultiplets with suitable U(1) charges and N triplets of FI-parameters [60]. The
N centers in the ALE space are vacua for massive case. In [28] we have discussed domain walls
in the hyper-Ka¨hler nonlinear sigma model on the cotangent bundle over the Hirzebruch surface
Fn, which can be obtained by U(1)
2 gauge theory coupled to four hypermultiplets with suitable
U(1)2 charges and with two parallel triplets of FI-parameters.
2.2 Projection operators
There exist several BPS solitons in the supersymmetric gauge theories. The typical property of
BPS solitons is that they partially preserve supersymmetry. The most elementary objects are
1/2 BPS solitons preserving a half of eight supercharges. They are characterized by supercharges
which solitons preserve. An SU(2) Majorana-Weyl spinor parameter ε for unbroken SUSY is
specified by the equation
(Γε)i = ±εi, Tr(Γ) = 0, (2.8)
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where Γ is an operator satisfying Γ2 = 18 ⊗ 12. The traceless condition is required for choosing
a half of supercharges by operator Γ. Since the SUSY transformation parameter εi is the SU(2)
Majorana-Weyl spinor, Γ has to satisfy the following two conditions for consistency,
B−1ΓB = Γ∗, [γ7, Γ] = 0, (2.9)
with Bij ≡ γ0Cǫij . If a soliton with codimension D exists in 6 dimensions, the Lorentz symmetry
SO(1, 5) is broken to SO(1, 5−D)⊗SO(D). Therefore the operator Γ has to be invariant under
SO(1, 5 − D) ⊗ SO(D) transformation. From the second condition in Eq.(2.9) the operator Γ
has to consist of a product of even number of the γM matrices. Therefore, the codimension D of
the 1/2 BPS solitons must be even in 6 dimensions. Combining this fact with the first condition
in Eq.(2.9), we find that possible operators are given by
type IVa : Γ = γnmiσa, (2.10)
type IVb : Γ = γ0n, (2.11)
where n,m = 1, 2, · · · , 5 and a = 1, 2, 3. As we will see in the following section, the first operator
which we call type IVa implies existence of 1/2 BPS vortices of codimension two in the xn-xm
plane, whose world-volume extends to the time direction and the four space directions except for
xn and xm. Vortices are 3-branes in d = 6. On the other hand the second operator which we
call type IVb implies existence of 1/2 BPS instantons of codimension four, whose world-volume
extends to the time direction and one space direction xn. Instantons are strings (1-branes) in
d = 6. Thus we conclude that the elementary 1/2 BPS solitons in 6 dimensions are vortices and
instantons, which are 3-branes and strings, respectively.
When there exist two or more 1/2 BPS solitons preserving 1/2 supercharges different from
each other, the composite state of these solitons breaks more than four supercharges out of eight.
If we impose different 1/2 BPS projection operators for the Killing spinors with general angles,
the SUSY will be completely broken. However, composite solitons determined by orthogonal
1/2 BPS projection operators can preserve 1/4 or 1/8 SUSY, like orthogonal D-brane/M-brane
configurations in superstring/M theory. In this article we concentrate on composite states of the
orthogonal 1/2 BPS solitons. With respect to the projection operator Γ for the supertransfor-
mation parameter in Eq.(2.8), there exist two sets of Γ’s for 1/4 BPS states.
One type which we call type IIa is a set of three projections
type IIa : Γ =
{
γ12iσ3, γ
23iσ1, γ
31iσ2
}
(2.12)
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implying three orthogonal vortex-3-branes. The projections in (2.12) correspond to vortex-3-
branes in the x1-x2 plane whose world-volume extends to the x0, x3, x4 and x5-directions, vortex-
3-branes in the x2-x3 plane extending to the x0, x1, x4 and x5-directions, and vortex-3-branes in
the x3-x1 plane extending to the x0, x2, x4 and x5-directions, respectively (see the second table in
p.3). Notice that all projections in (2.12) commute each other (for example [γ12iσ3, γ
23iσ1] = 0)
and that the product of all of them is proportional to identity (γ23iσ1 · γ31iσ2 · γ12iσ3 = −1).
These facts imply that the set in Eq.(2.12) project out 3/4 of supercharges, so that composite
states of the orthogonal three vortices are 1/4 BPS states in 6 dimensions.
The other set of operators Γ’s which we call type IIb is given by
type IIb : Γ =
{
γ05, γ12iσ3, γ
34iσ3
}
. (2.13)
This set of operators leads to 1/4 BPS composite states of 1/2 BPS instanton-strings in the x1-x2-
x3-x4 space extending to the x0 and x5-directions, vortex-3-branes in the x1-x2 plane extending
to x0, x3, x4, x5-directions and vortex-3-branes in the x3-x4 plane extending to the x0, x1, x2,
x5-directions (see the first table in p.3).
Finally, we obtain the unique set of operators Γ’s for 1/8 BPS composite states, which we
call the type I:
type I : Γ =
{
γ05, γ12iσ3, γ
34iσ3, γ
23iσ1, γ
14iσ1, γ
31iσ2, γ
24iσ2
}
. (2.14)
These imply instanton-strings and vortex-3-branes in various directions (see the third table in
p.3). We can easily show that all of these commute each other and that only three of them are
independent operators; 1/8 BPS is realized by taking arbitrary set of three projections except
for the sets in type IIa/IIb, for example γ05, γ12iσ3 and γ
23iσ1.
To close this section, it is important to study properties of surviving supercharges under the
above projections. It determines SUSY in the effective theory on the world-volume of solitons, and
which geometry (Riemann, Ka¨hler or hyper-Ka¨hler) is realized as the moduli space of solitons. In
two-dimensional space-time x0-x5, chirality of supercharges can be determined by γ05 which is in
a reducible representation. Thus it is convenient to classify the above projections by eigenvalues
of γ05 on the projected spaces, even in cases that world-volume of solitons is not two dimensional.
In the cases of type IVb and type IIb, these sets of projection operators contain just γ05, and thus,
supercharges projected by these operators are all chiral (or anti-chiral). On the other hand, in
10
the case of type IVa and type IIa, numbers of surviving chiral and anti-chiral supercharges under
these projections are the same. This can be proved by taking a trace of γ05 on a projected space
of the Killing spinor, for instance in type IVa,
Tr
(
γ05P
)
= 0, with P =
1± γ12iσ3
2
1+ γ7
2
. (2.15)
Therefore, if we consider solitons with two-dimensional world volume x0-x5, a two-dimensional
effective action on such solitons has the following supercharges
type IVa : N = (2, 2), type IVb : N = (4, 0),
type IIa : N = (1, 1), type IIb : N = (2, 0),
type I : N = (1, 0), (2.16)
respectively.
3 1/2 BPS Systems
In this section we will derive diverse 1/2 BPS equations of solitons (instantons, monopoles,
vortices and domain walls and so on) in d = 6, 5, 4, 3, 2, 1 dimensions. Since there are two kinds
of 1/2 BPS projections, the type IVa (vortices) and the type IVb (instantons) in 6 dimensions as
we explained in Eqs. (2.10) and (2.11) in the previous section, 1/2 BPS systems in all dimensions
will be classified into two series.
In subsections 3.1 and 3.2 we will first begin with the 1/2 BPS equations for instantons and
vortices in 6 dimensions, respectively, and then derive the 1/2 BPS equations for other solitons
via the trivial dimensional reductions and/or the Scherk-Schwarz dimensional reductions.
3.1 Series of the type IVb
Let us start with the 1/2 BPS equations which are derived by a half of supercharges specified by
the type IVb operator (2.11) in 6 dimensions
γ05εi = γ1234εi = η εi, η = ±1. (3.1)
On the space projected by these Killing conditions, the representation of gamma matrices is
reducible and the matrices γ5 and γ4 can be rewritten as η γ0 and η γ123, respectively. The
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corresponding 1/2 (anti-) BPS equations can be derived by imposing the 1/2 SUSY condition
(3.1) to the supersymmetric transformation law (2.3). The SUSY transformation laws (2.3) for
the gaugino λi and hyperino ψA can be rewritten by using the Killing conditions (3.1) as
δλi=
[
1
2
3∑
n,m,l=1
(Fnm − η ǫnmlFl4) γnm +
4∑
n=1
(F0n + ηF5n) γ
0n + ηF05
]
εi + Ya(iσa)
i
jε
j , (3.2)
δψA=−
√
2i
[
γ0 (D0 + ηD5)H iA + γnDnH iA
]
ǫijε
j, (3.3)
respectively. By imposing δλi = 0 and δψA = 0, we find 1/2 BPS equations
Fnm =
η
2
ǫnmklFkl, Ya = 0, DnH i = 0, (3.4)
F0n + ηF5n = 0, F05 = 0, (D0 + ηD5)H i = 0, (3.5)
with n,m, k, l = 1, · · · , 4. As discussed in subsection 3.1.2, when we consider solitons with non-
trivial configurations of W I0 or time dependent solutions (instanton-string with traveling wave),
we need to take into account the Gauss law
1
g2I
DnF I0n = 2i(TI)ABH iB
↔
D0 (H iA)∗ (3.6)
in addition to the above BPS equations.
In the following, subsection 3.1.1 is devoted to a review whereas subsection 3.1.2 is new.
3.1.1 Instantons and their descendants
Let us review well-known BPS equations for instantons and their descendants obtained by dimen-
sional reductions. Topological charges for these solitons emerge in also 1/4, 1/8 BPS states as
explained in the following sections. Especially, these charges exist even in Abelian gauge theories
and have negative contributions to the energy of those systems, where those negative charges
should be interpreted as binding energy of composite solitons.
Instantons: Let us first consider time-independent (static) BPS solutions in six dimensions,
by ignoring the x5-dependence and by setting W0 = W5 = 0 in Eq.(3.5), namely by considering
only Eq.(3.4). The third equation in Eq.(3.4) implies [Dn, Dm]H iA = i(Fnm)ABH iB = 0, that
is, instanton configurations require that charged matter should vanish. This is consistent with
the extended Derrick’s theorem [6] which insists that there are no finite energy solutions whose
codimension is 4 when the scalar fields have nonzero vacuum expectation value. Notice that the
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FI parameters ζIa should be turned off for consistency between Y
a = 0 and H iA = 0. Instantons
become essentially the same with those in the SUSY gauge theory with sixteen supercharges by
adding adjoint hypermultiplets implicitly. Thus Eqs. (3.4) reduce to the ordinary (anti) self-dual
(SDYM) equations of 1/2 BPS instantons
Fnm =
η
2
ǫnmklFkl. (3.7)
The solutions of the (anti) SDYM equations saturate the BPS energy bound
Em = η I1234,
I1234 ≡
∫
d4x
1
4g2I
ǫnmklF
I
nmF
I
kl =
8π2
g2I
kI , (3.8)
with m,n, k, l = 1, 2, 3, 4. Here Em is energy for static solutions of instanton (we ignore the
volume of instanton-string along the x5-direction), and Ipqrs denotes the charge of the instanton
localized in the xp-xq-xr-xs space. As we will see below soon, the instanton charge Imnkl reduces
to the charges of other solitons when we perform dimensional reduction several times. We denote
the instanton charge after the dimensional reduction along the xk-direction as Imnkˇl, with the
check “kˇ” on the index implying to omit that index.
Monopoles: By performing trivial dimensional reduction along the x4-coordinate, the (anti)
SDYM equations for the 1/2 BPS instantons reduce to the 1/2 BPS equations of the monopoles
1
2ǫnmlFml = −ηDnΣ4, (n,m, l = 1, 2, 3) (3.9)
This is well-known Bogomol’nyi equation for BPS monopole, whose solutions saturate the BPS
energy bound
Em = ηM123 ≥ 0,
M123 ≡ I1234ˇ = −
∫
d3x
1
g2I
ǫnmkF
I
nmDkΣI4 = −
∫
d3x
1
g2I
ǫnmk∂k
(
F InmΣ
I
4
)
, (3.10)
with n,m, k = 1, 2, 3.
The Hitchin system: By performing trivial dimensional reduction further along the x2-
direction, the 1/2 BPS equations (3.9) of the monopoles reduce to the 1/2 BPS equations for the
Hitchin system, given by
F13 = −ηi[Σ2,Σ4], D1Σ2 = ηD3Σ4, D1Σ4 = −ηD3Σ2. (3.11)
13
Solutions saturate the BPS bound
Em = ηH13 ≥ 0,
H13 ≡ I12ˇ34ˇ =
∫
d2x
4
g2I
∂[1
(
(D3]ΣI4)ΣI2
)
. (3.12)
We call solitons carrying this topological charge with codimension two as “Hitchin vortices”. It
is known that finite energy solutions for the Hitchin system exist in compact spaces but not in
non-compact spaces, because of divergence of energy [61]. However finite energy solutions (as
domain wall junctions) exist in the Higgs phase even in a non-compact space [50, 51].
The Nahm equation (dual monopole): The 1/2 BPS equations for the Hitchin system reduce
to
D1Σp = −η
2
ǫpqri[Σq,Σr], p, q, r = 2, 3, 4 (3.13)
by trivial dimensional reduction along the x3-coordinate. This is called the (1/2 BPS) Nahm
equation. The BPS bound is obtained as
Em = ηN1 ≥ 0,
N1 ≡ I12ˇ3ˇ4ˇ =
∫
dx1
1
3g2I
ǫpqr∂1
(
ΣIp[Σq,Σr]
I
)
, (3.14)
with p, q, r = 1, 2, 3. We call solitons carrying this topological charge with codimension one as
“Nahm walls”. The energy of solutions diverge again in non-compact space, but we do not know
at this stage if there exist finite energy solutions as the Hitchin system in the Higgs phase.
Equations in zero dimension: If we fully reduce the codimension for instantons, we obtain
reduced ADHM-like equations
[Σp, Σq] =
η
2
ǫpqrs[Σr,Σs], (p, q, r, s = 1, . . . , 4). (3.15)
One might consider that if this equation would admit a solution it described a space-time filling
brane in d = 1 or 2 and gave a model for partial breaking of SUSY [62] in that dimension.
Unfortunately, this equation, however, has no non-trivial solution, [Σp,Σq] 6= 0, because the
Bogomol’nyi bound vanishes in this case. This can be confirmed directly by
Em ∝ ǫpqrsTr {[Σp, Σq][Σr,Σs]} = −ǫpqrsTr {Σq[Σp, [Σr,Σs]]} = 0. (3.16)
In this paper, we ignore the infinite tower of Kaluza-Klein modes as explained before. However
if we would consider their contributions, we could obtain the ADHM equations as dual of four-
dimensional SDYM equations.
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3.1.2 Solitons with electric flux
Wavy solitons: Let us next consider the solitons with the electric flux, by taking Eq.(3.5) into
account in addition to Eq.(3.4). Since H iA has to vanish, Eq.(3.5) reduces under dimensional
reductions, taken (6− d)-times except for x5, to
F0n + ηF5n = 0, D0Σp + ηD5Σp = 0, F05 = 0, (3.17)
with p = d − 1, · · · , 4 and n = 1, · · · , d− 2. For any static instanton (monopole, Hitchin vortex
or Nahm wall) background configurations W staticn and Σ
static
p , these equations reduce with an
appropriate gauge choice to
∂0 + η∂5 = 0, W0 + ηW5 = 0. (3.18)
General solutions for the first equation can be obtained by promoting arbitrarymoduli parameters
φi of solutions for the static BPS equations to arbitrary functions of x0 − ηx5:
φi → φi(x0 − ηx5). (3.19)
This solution indicates that waves on BPS solitons propagate with the speed of light along the
x5-direction, to which those solitons extend, and oscillation of magnetic objects induce oscillation
of electro-magnetic waves. In the case of time-dependent solitons, one should solve the Gauss
law
DnF0n + i
4∑
p=d−1
[Σp,D0Σp] = 0, (3.20)
in addition to the BPS equations. This equation should be solved with respect to W0 (W5). Let
us consider the case that the moduli parameters in (3.19) are taken to be the center of mass
(translational zero modes) φm (m = 1, · · · , d− 1). We thus have
Wn(x
0, x5, xm) = W staticn (x
m − φm(x0 − ηx5)), (3.21)
Σp(x
0, x5, xm) = Σstaticp (x
m − φm(x0 − ηx5)), (3.22)
with n,m = 1, · · · , d − 2 and p, q = d − 1, · · · , 4, where the second equation is not needed for
instantons in d = 6. In this case, we find that the Gauss law (3.20) is automatically satisfied by
setting
W0(= −ηW5) = −dφ
m
dx0
Wm. (3.23)
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The energy of wavy configurations is given by
E = −ηS5 +
∫
dx5Em(≥ 0), (3.24)
where the fifth component of the Poynting vector S5 defined by
S5 =
1
g2I
∫
dd−1x
(
F I0nF
I
5n +
4∑
p=d−1
D0ΣIpD5ΣIp
)
= − η
2g2I
∫
dd−1x
[
(F I0n)
2 + (F I5n)
2 +
4∑
p=d−1
(
(D0ΣIp)2 + (D5ΣIp)2
)]
(3.25)
represents the energy excited by waves on solitons.
Dyonic solitons: When we perform trivial dimensional reduction from equations for wavy
solitons along the x5-direction, the equations for the dyonic solitons7 in (d − 1)-dimensions are
obtained. Eq.(3.17) reduces to
F0n + ηDnΣ5 = 0, D0Σp − iη [Σ5,Σp] = 0, D0Σ5 = 0. (3.26)
For any instanton background configuration Wn, these equations can be solved by setting
∂0 = 0, W0 − ηΣ5 = 0. (3.27)
The configuration of the adjoint scalar Σ5 is determined by the Gauss law as
DnF0n + i
4∑
p=d−1
[Σp,D0Σp] = 0, → DnDnΣ5 −
4∑
p=d−1
[Σp, [Σp,Σ5]] = 0. (3.28)
It is known that there exists the unique solution to this equation once an instanton configuration
and an asymptotic value of Σ5 are given [31]. The Poynting vector given in Eq.(3.25) reduces to
the electric charge of the dyonic instanton as
S5 → Qe = 1
g2I
∫
dd−1x
(
F I0nDnΣI5 + i
4∑
p=d−1
D0ΣIp [Σp,Σ5]I
)
=
1
g2I
∫
dd−1x∂n
(
F I0nΣ
I
5
)
, (3.29)
and the energy density becomes
E = −ηQe + Em(≥ 0). (3.30)
7Electrically charged instanton in d = 5 is called dyonic instanton [31] whereas dyon is electrically charged
monopole in d = 4 [32]. The dyonic instanton (field theory supertube) in 6 dimensions with 16 supercharges was
obtained by boosting the x5-direction with the speed of light and reducing that direction [63].
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3.2 Series of the type IVa: vortices and domain walls
This subsection is devoted to a review. Let us next investigate 1/2 BPS solitons which preserve
four supercharges specified by the type IVa projection operator γnmiσa on the Killing spinors,
given in Eq. (2.10). Especially, we deal with the projection
γ12 (iσ3ε)
i = ξεi, ξ = ±1. (3.31)
By using these Killing conditions, the conditions δλi = 0 and δψA = 0 in the SUSY transformation
laws (2.3) lead to the 1/2 BPS equations
Fαβ = Fα1 = Fα2 = 0, DαH i = 0, (3.32)
F12 = ξY3, Y1 = Y2 = 0, D1H i − ξi(σ3)ijD2Hj = 0. (3.33)
with α, β = 0, 3, 4, 5. Eq.(3.32) is satisfied by simply turning off Wα and dependence of x
α. In
this section, we omit the directions x0, x3, x4 and x5.
Vortices: The remaining equation (3.33) are
F I12 = ξg
2
I
[
ζI3 − (H iA)∗(σ3)ij(TI)ABHjB
]
, Y1 = Y2 = 0, (3.34)
0 = D1H i − ξi(σ3)ijD2Hj. (3.35)
These equations are called vortex equations. They reduce to the BPS equations for the Abrikosov-
Nielsen-Olesen (ANO) vortices [13] in the case of U(1) gauge theory with one charged hyper-
multiplet, whereas to those for non-Abelian vortices to which much attention has been recently
paid in [14, 15, 16, 17] in the case U(NC) gauge theory coupled to NF(≥ NC) hypermultiplets in
the fundamental representation with equal U(1) charges. In order to obtain finite energy vortex
solutions, we need to turn on nonzero FI parameters ζIa . We consider the case that all the FI
parameters take values in the third direction as ζIa = (0, 0, ζ
I
3). Then the condition Y1 = Y2 = 0
requires that a half of the Higgs fields must vanish. The energy of the BPS vortices is given by
the topological charge as
E = ξ V(3)12 . (3.36)
Here we have defined
V(a)nm ≡
∫
dxndxm
[
ζIaF
I
nm + 2∂[nJm],a
]
= 2πkIζ
I
a , Jn,a ≡ i(H iA)∗σa
↔
Dn H iA, (3.37)
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with kI denoting the vorticity and X
↔
∂ Y ≡ (−∂XY +X∂Y )/2.
Domain walls: By performing the SS dimensional reduction along one of codimensions on the
1/2 BPS equations for vortices, we can derive 1/2 BPS equations for domain walls. For example,
let us perform SS dimensional reduction along the x2-direction. Then we get the following first
order equations
D1Σ2 = −ξY3, Y1 = Y2 = 0, (3.38)
D1H iA = ξ(σ3)ij
(
Σ2H
jA −m2,AHjA
)
. (3.39)
We call these equations domain wall equations. They reduce to BPS equations discussed in
[20]–[24] in the case of U(1) gauge theory coupled to NF hypermultiplets with equal U(1) charge,
whereas to those in [25]–[27] in the case U(NC) gauge theory with NF(> NC) hypermultiplets in
the fundamental representation. The topological charge of the 1/2 BPS vortices reduces to that
of the 1/2 BPS walls by the SS dimensional reduction
W(3)1,2 = V(3)12ˇ =
∫
dx1∂1
[−ζI3ΣI2 − i(H iA)∗(σ3Σ2H)iA + i(H iA)∗(σ3H)iAm2,A] (3.40)
where we have defined
W(a)m,n ≡ V(a)mnˇ. (3.41)
Then the energy of the 1/2 BPS wall is given by this charge:
E = ξW(3)1,2 . (3.42)
Equations in zero dimension: Finally, if we fully reduce the codimensions of solitons, the
Bogomol’nyi bound vanishes in this case of the type IVa as in the type IVb. Therefore, spacetime-
filling brane (partially breaking SUSY vacua) cannot be obtained as a result of the dimensional
reductions.
There exist no wavy or dyonic extensions of these solitons with keeping the 1/2 BPS condi-
tions. Instead they become 1/4 BPS as discussed in section 4.1.5.
3.3 Summary of 1/2 BPS systems
We have seen that all 1/2 BPS states are classified into two classes, the types IVa and IVb,
with respect to unbroken SUSY. Unbroken SUSY in the case of two dimensional world-volume is
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N = (2, 2) or (4, 0) for the types IVa or IVb, respectively. The fundamental solitons in the type
IVa are vortices whereas those in the type IVb are instantons in d = 6. All other solitons have
been obtained by (SS) dimensional reductions. Wavy and dyonic solitons exist for the type IVb.
We summarize all descendants in Table 2.
Table 2: 1/2 BPS states: Here, d˜ denotes spacetime dimensions of a soliton world-volume (d˜ = 1
denotes a particle, d˜ = 2 a string, d˜ = 3 a membrane, and d˜ = 3 a 3-brane). See the caption of Table 1
for notations of the Roman uppercase letters. More notations are: w-: wavy object (or with electric
flux), Q-: electric-charged object [that is (Q-)M means dyon].
d = 6 d = 5 d = 4 d = 3 d = 2
N = 1 N = 1 N = 2 N = 4 N = (4, 4)
type IVb d˜ = 2, N = (4, 0) (w-)I (w-)M (w-)H (w-)N wave
d˜ = 1, N = 4 - (Q-)I (Q-)M (Q-)H (Q-)N
d˜ = 4, N = 1 V W - - -
type IVa d˜ = 3, N = 2 - V W - -
d˜ = 2, N = (2, 2) - - V W -
d˜ = 1, N = 4 - - - V W
The types IVa and IVb exhibit very different features. Since BPS solitons in the types IVb
and IVa preserve N = (4, 0) and (2, 2) SUSY, respectively, in the case of two dimensional world
volume, the moduli space for these solitons are described by N = (4, 0) nonlinear sigma models
on hyper-Ka¨hler manifolds (with torsion) [67] and N = (2, 2) nonlinear sigma models on Ka¨hler
manifolds [68], respectively. Second, BPS solitons in the type IVb naturally exist in theories with
sixteen supercharges (typically in d = 4, N = 4 SUSY Yang-Mills theory) whereas BPS solitons
in the type IVa can exist in theories with four supercharges (d = 4, N = 1 SUSY theory).
We would like to note that there exist the two kinds of objects in co-dimensions two and
one. The Hitchin vortices (type IVb) and the ordinary vortices of the ANO type (type IVa) are
with codimension two, whereas the Nahm walls (type IVb) and the ordinary walls (type IVa) are
with codimension one. The Hitchin vortices and the Nahm walls live inside the unbroken (non-
Abelian) phase whereas ordinary vortices and walls live inside the Higgs phase. This distinction
becomes very important when we consider 1/4 and 1/8 BPS composite states in the following
sections. As denoted in the text there exist no finite energy solutions for Hitchin vortices or
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Nahm walls in non-compact spaces.
Before closing this section we make comments on solutions known so far. The method to con-
struct multi-instantons and multi-BPS monopoles were established by Atiyah, Hitchin, Drinfeld
and Manin (ADHM) [9] and Nahm [11], respectively. Their moduli spaces are both hyper-
Ka¨hler manifolds. The N = (4, 0) nonlinear sigma model on the ADHM moduli space was
considered in [64]. These BPS instantons can be realized by Dp-branes on D(p + 4)-branes [65]
whereas BPS monopoles by Dp-branes ending on (stretched between) D(p+2)-branes [66] in type
IIA/IIB superstring theories. These brane configurations give clear physical interpretations of the
ADHM/Nahm constraints as the F- and D- flatness conditions in the SUSY gauge theory on
Dp-brane world-volume. On the other hand 1/2 BPS equations in the type IVa can be (partially)
solved by the method of the moduli matrix (walls in [25, 28] and vortices in [15, 16, 44]). Fully
exact solutions can be obtained in the strong gauge coupling limit in which the model reduces
to a hyper-Ka¨hler nonlinear sigma model. Some brane configurations are also available; vortices
by Hanany and Tong [14] and walls in [21, 27, 30].
4 1/4 BPS Systems
In the previous section we have discussed different 1/2 BPS solitons; instanton, monopole, vortex
and domain wall including their wavy and dyonic extension. In this section we will present several
1/4 BPS equations for composite states of those 1/2 BPS solitons. As we have mentioned in Sec.2,
there exist two sets of 1/4 SUSY projection operators, the type IIa in Eq.(2.12) and the type IIb
in Eq.(2.13). Similarly to the method in Sec.3, we will start with the 1/4 BPS equations in 6
dimensions and derive diverse 1/4 BPS equations in d = 5, 4, 3 by the SS dimensional reductions.
These 1/4 BPS states certainly involve the 1/2 BPS vortices and/or 1/2 BPS domain walls which
are typical solitons in the Higgs phase of supersymmetric gauge theories. Therefore, the Higgs
fields play important roles in the following.
4.1 Series of the type IIb
In this section, subsections 4.1.1, 4.1.2 and 4.1.3 are devoted to a review whereas subsections
4.1.4 and 4.1.5 are new contributions.
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4.1.1 Instanton - Vortex
We begin with the type IIb 1/4 SUSY projections in 6 dimensions
γ05εi = ηεi, γ12 (iσ3ε)
i = ξεi, γ34 (iσ3ε)
i = ξ′εi (4.1)
where η, ξ, ξ′ are ±1 satisfying ηξξ′ = −1. Imposing invariance to these 1/4 SUSY as δλi = 0
and δψA = 0 given in Eq.(2.3), we can derive a set of 1/4 BPS equations [43]
F13 + ηF24 = 0, F14 − ηF23 = 0, ξF12 + ξ′F34 = Y3, Y1 = Y2 = 0, (4.2)
D1H i − ξi(σ3)ijD2Hj = 0, D3H i − ξ′i(σ3)ijD4Hj = 0. (4.3)
We may call these equations as the SDYM-Higgs equations. They comprise the (anti) SDYM
equations for instantons localized in the x1-x2-x3-x4 space, and the BPS equations for the vortices
living in the x1-x2 plane and in the x3-x4 plane. The world-volume of these solitons can be
summarized as follows.
IVV 0 1 2 3 4 (5) sign
Instanton © × × × × © 12 η
Vortex © × × © © © iσ3 ξ
Vortex © © © × × © iσ3 ξ′
Here “©” denotes the world-volume directions of the solitons, whereas “×” denotes their codi-
mensional directions. From the above table we find that this composite soliton trivially extends
to the x5-direction and therefore that the dimensionally reduced configuration exists in 5 di-
mensions also. The energy of this composite solitons can be written by the sum of the three
topological charges as
Em = ηI1234 +
(
ξV(3)12
)
v34 +
(
ξ′V(3)34
)
v12, (4.4)
where we have ignored the sixth direction x5. Here I1234 is the instanton charge (3.8), and V(3)mn’s
are the vortex charge (3.37), and the quantities v34 and v12 denote the world-volumes of vortices
along x3-x4 and x1-x2, respectively.
The equations (4.2) and (4.3) were firstly found in general Ka¨hler manifold as a base space
by mathematicians [53], without the BPS property or SUSY. There they are simply called vortex
equations although they contain instantons also. These equations are rediscovered by Hanany and
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Tong in [39] in the case of U(NC) gauge theory coupled to NF hypermultiplets in the fundamental
representation with equal U(1) charges. We showed in [43] that these equations are 1/4 BPS and
then studied this system with NF = NC in 5 dimensions in detail. In the paper [43] we further
found that the 1/4 BPS equations (4.2) and (4.3) describe two different kinds of composite states,
1) instantons in the Higgs phase and 2) intersections of vortices in the x1-x2 and the x3-x4 planes.
1) As the former concerns, when we put ordinary instantons into the Higgs phase by turning
on the FI-parameters, they can be stabilized if the magnetic flux is squeezed to form a vortex
similarly to the Meissner effect of the monopoles in the Higgs phase. The total system becomes
instantons lying inside vortex-3-branes (membranes) in d = 6 (d = 5). The instanton in the
Higgs phase has the same mass 8π2/g2 with that of the ordinary instanton.8
2) In the latter case, the 1/4 BPS equations (4.2) and (4.3) describe a very different situation
from the instantons in the Higgs phase [43]. It can exist even for the Abelian gauge theory,
contrary to the ordinary instantons which do not exist due to the trivial instanton charge π3 = 0.
Let us consider the intersection of vortices with vorticity k in the x1-x2 plane and vortices with
the vorticity k′ in the x3-x4 plane. Interestingly, the contribution of the instanton charge to the
energy is nonzero for intersecting vortices. It can be easily shown as follows. First we recall
ξ
∫
dx1dx2F12 = 2πξk > 0 and ξ
′
∫
dx3dx4F34 = 2πξ
′k′ > 0. Then the instanton contribution
can be calculated as Em = ηI1234 = (2η/g2)
∫
dx4F12F34 = (ηkk
′)8π2/g2. Due to the relation
ηξξ′ = −1, the contribution is always negative and is proportional to the product of the vorticities
Em = −|kk′|8π2/g2. Such objects with the negative energy should not be regarded as solitons,
but they are rather binding energy for the intersections of the solitons.
Thus the 1/4 BPS equations (4.2) and (4.3) describe both instantons in the Higgs phase and
intersections of the vortices. As we will see in the following subsections, the monopole charge
and the Hitchin charge, derived from the instanton charge by dimensional reductions, also can
become either positive energies of ordinary solitons or negative binding energies localized on
intersections of solitons, depending on configurations.
8These instantons can be regarded as lumps in the CPN−1 model as the effective field theory on the vortex in
the case of U(N) gauge theory with N hypermultiplets in the fundamental representation [43].
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4.1.2 Monopole - Vortex - Wall
As was shown in the Sec.3, the 1/2 BPS equations for instantons and vortices reduce to those
for monopoles and domain walls, respectively, by performing the SS dimensional reduction along
one of their codimensions. When we perform the SS dimensional reduction (along, for example,
the x4-direction) in the above 1/4 BPS eqs. (4.2) and (4.3) for composite states of instantons,
vortices in the x1-x2 plane and vortices in the x3-x4 plane, we derive another set of 1/4 BPS
equations for composite states of monopoles in the x1-x2-x3 space, vortices in the x1-x2 plane
and domain walls perpendicular to the x3-coordinate, given by
F13 − ηD2Σ4 = 0, D1Σ4 + ηF23 = 0, ξF12 − ξ′D3Σ4 = Y3, Y1 = Y2 = 0, (4.5)
D1H iA − ξi(σ3)ijD2HjA = 0, D3H iA − ξ′(σ3)ij
[
(Σ4)
A
BH
jB −m4,AHjA
]
= 0. (4.6)
The codimensions and the world-volume directions of solitons in this 1/4 BPS system is summa-
rized as follows.
MVW 0 1 2 3 (5) sign
Monopole © × × × © 12 η
Vortex © × × © © iσ3 ξ
Wall © © © × © iσ3 ξ′
This 1/4 BPS system trivially depends on the x5-direction, so that these composite solitons
exist in four dimensional spacetime. The energy of this composite solitons is three sum of the
topological charges of the monopoles, vortices and walls
Em = ηM123 +
(
ξV(3)12
)
v3 +
(
ξ′W(3)3,4
)
v12, (4.7)
with the monopole charge (3.10), the vortex charge (3.37), and the domain wall charge (3.41).
The 1/4 BPS equations (4.5) and (4.6) (without walls) were firstly found by Tong in [39]
in the case of d = 4, N = 2 SUSY U(NC) gauge theory with NF = NC hypermultiplets in
the fundamental representation. Similarly to the 1/4 BPS states of the instantons, vortices and
vortices discussed in the last subsection, the monopole charge in this 1/4 BPS system also exhibits
two different features. One is a monopole in the Higgs phase [39]. If an ordinary monopole of the
non-Abelian gauge theory in the Coulomb phase is put into the Higgs phase, magnetic fluxes from
it are squeezed due to the Meissner effect to form vortices, making the total system a composite
23
state of a monopole attached by vortices.9 In that situation the mass of the monopole is the same
with the mass 4π|∆〈Σ4〉|/g2 of an ordinary monopole in the Coulomb phase. On the other hand,
if we consider NF(> NC) hypermultiplets domain walls are also allowed [41]. In the Abelian gauge
theory the 1/4 BPS equation (4.5) and (4.6) describe the composite state of the vortices ending
on the walls rather than the monopoles in the Higgs phase. Interestingly, the monopole charge
takes a nonzero value even for the Abelian gauge theory. In fact it gives the negative energy
contribution −4kπ|∆〈Σ4〉|/g2 when k ANO vortices penetrate a wall. A vortex is divided by the
wall into two vortices attached to one and the other sides of the wall, and end points of these
two vortices can be separated along the wall world-volume.10 Each has the half −2π|∆〈Σ4〉|/g2
of the (negative) unit monopole charge. Although these negative energies are localized at the
ending points of the vortices on the wall, they should not be regarded as solitons. Rather they
are binding energy of the junction called boojums [41, 42]. We constructed implicit solutions for
this system in d = 5, N = 1 gauge theory. Moreover we have obtained all the exact solutions in
the strong gauge coupling limit [41]. Now we stand at the position where the negative binding
energy of the boojum can be understood from the viewpoint of the SS dimensional reduction.
First recall that the instanton charge Imnkl reduces to the monopole chargeMmnk = Imnklˇ. This
relation is kept even when instantons and monopoles are put into the Higgs phase. Furthermore,
this relation is also correct for the charges as the binding energy for intersections of vortices and
vortices ending on walls. When we push to perform the SS dimensional reduction once more as
we will see below soon, very similar discussion will be able to be done again.
We do not know if there exist composite states made of only monopoles and walls without
vortices, but if they exist they are 1/4 BPS. However they are likely impossible because of the
Meissner effect.
9These monopoles can be regarded as kinks in the CPN−1 model with a potential as the effective field theory
on a vortex in the case of U(N) gauge theory with massive N hypermultiplets in the fundamental representation,
as found by Tong [39].
10This is a peculiar situation for this system. In the case of vortex intersections discussed in the previous section
one vortex cannot be divided by the other vortex from their dimensionality.
24
4.1.3 Hitchin vortex - Wall (Domain wall junction)
As we have seen in the Sec.3, the 1/2 BPS equations of monopoles reduce to those for the Hitchin
system by one dimensional reduction. Vortices reduce to walls by the SS dimensional reduction.
Therefore, performing the SS dimensional reduction in Eqs. (4.5) and (4.6) along x2, we obtain
the following 1/4 BPS equations for composite states of Hitchin vortices in the x3-x1 plane, walls
perpendicular to the x1-direction and walls perpendicular to the x3-direction, given by
F13 + ηi[Σ2,Σ4] = 0, D1Σ4 + ηD3Σ2 = 0, (4.8)
ξD1Σ2 + ξ′D3Σ4 = −Y3, Y1 = Y2 = 0, (4.9)
D1H iA − ξ(σ3)ij
[
(Σ2)
A
BH
jB −m2,AHjA
]
= 0, (4.10)
D3H iA − ξ′(σ3)ij
[
(Σ4)
A
BH
jB −m4,AHjA
]
= 0. (4.11)
The configuration can be summarized as follows.
HWW 0 1 3 (5) sign
Hitchin vortex © × × © 12 η
Wall © × © © iσ3 ξ
Wall © © × © iσ3 ξ′
The energy of this 1/4 BPS states is given by
Em = ηH13 +
(
ξW(3)1,2
)
v3 +
(
ξ′W(3)3,4
)
v1 . (4.12)
Recently, the 1/4 BPS equations (4.8), (4.9), (4.10) and (4.11) have been found [50] in the case
of d = 4, N = 2 U(NC) gauge theory coupled to NF hypermultiplets with complex masses in the
fundamental representation with equal U(1) charges. All possible moduli have been determined,
and all the exact solutions have been obtained in the strong gauge coupling limit. Especially,
the 1/4 BPS states in the Abelian gauge theory have been extensively studied, and it has been
found that several walls can constitute webs of walls, like (p, q) string/5-brane webs in superstring
theory. In the Abelian gauge theory, the charge for the Hitchin vortices does not give positive
contributions to the energy. Instead, it gives negative binding energy localized at the junction
lines (points) of the walls in d = 3 (d = 4). There were many works on the 1/4 BPS domain wall
junctions in theories with both eight supercharges and four supercharges. All exact solutions
of the wall junctions known so far carry negative junction charges as binding energy [47, 50].
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The negativeness of the Hitchin charge as binding energy of the domain wall junctions can
be understood by remembering that it is obtained by the SS dimensional reduction(s) of the
monopole charge for the boojums at the end points of vortices on the wall (or of the negative
instanton charge localized at the vortex intersections).
On the other hand, we have seen in the last two subsections that there exist 1/4 BPS states
with positive energy of instantons or monopoles, namely instantons or monopoles in the Higgs
phase, respectively. This observation strongly suggests that there should exist the 1/4 BPS
composite states of the Hitchin vortices with positive energy, which are put into the Higgs phase
by the FI-term. In fact we found in [51] that the Hitchin vortices with positive energy live on the
junction lines (points) of walls in the non-Abelian gauge theories. Generally, walls in the non-
Abelian gauge theories can constitute very ample webs, containing both negative and positive
Hitchin charges. Therefore wall webs in the non-Abelian gauge theory have a rich structure which
does not exist in the Abelian gauge theory [51].
4.1.4 Hitchin vortex - Vortex, and Nahm wall - Wall
If we perform the SS dimensional reduction in Eqs. (4.5) and (4.6) along the x3-direction instead
of the x2-direction, we obtain a set of 1/4 BPS equations which include the 1/2 BPS equations
for the Hitchin vortices and for ordinary vortices, where both objects would lie perpendicular to
the x1-x2 plane. By taking a further SS dimensional reduction along the x2-direction after the
above operation, we obtain the equations containing the 1/2 BPS equations for the Nahm walls
and for ordinary walls, where both objects would be perpendicular to the x1-direction. These
objects could lie as the following.
HV 0 1 2 (5)
Hitchin vortex © × × ©
vortex © × × ©
,
NW 0 1 (5)
Nahm wall © × ©
wall © × ©
It seems, however, quite difficult for these objects, a Hitchin vortex and an ordinary vortex, or a
Nahm wall and an ordinary wall to coexist. This is because the Hitchin vortices and the Nahm
walls exist in an unbroken phase of non-Abelian gauge group, whereas ordinary walls and vortices
exist in the Higgs phase and their tension is proportional to the FI-term of the Abelian gauge
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group. As a further negative evidence, there exist the condition,
ΦH1 = Φ†H2 = 0, (Φ)AB = (Σ3 − iξ′Σ4)AB − (m3,A − iξ′m4,A)δAB (4.13)
as a part of the reduced 1/4 BPS equations, implying that the existence of one excludes the
other. Therefore, it is likely the case that this 1/4 BPS system contains only one kind of these
BPS solitons and then it reduces to a 1/2 BPS state.
4.1.5 Wavy and dyonic extension
Similarly to 1/2 BPS equations of the type IVb, the 1/4 BPS equations of the type IIb can be
extended to wavy or dyonic objects by turning on the x0 and x5 dependence, since both projection
operators have γ05.
Wavy solitons: In addition to the 1/4 BPS equations (4.2) and (4.3) and their descendants
given by the SS dimensional reductions, taken (6 − d)-times along the xp-directions (p = d −
1, · · · , 4), 1/4 BPS equations for wavy extensions are obtained, to yield
F0n + ηF5n = 0, D0Σp + ηD5Σp = 0, F05 = 0, (D0 + ηD5)H i = 0, (4.14)
with n = 1, · · · , d−2. These reduce to the same simple equations with Eq.(3.27) with appropriate
gauge fixing under a given static background. We obtain their wavy extension by promoting any
moduli parameters φi of that background to arbitrary functions φi(x0−ηx5). The solutions have
to satisfy the Gauss law
1
g2I
DnF I0n + i
4∑
p=d−1
[Σp,D0Σp]I − 2i(T I)ABH iB
↔
D0(H iA)∗ = 0 (4.15)
in addition to the BPS equations. The energy is given by sum of the energies of the solitons and
the fifth component of the Poynting vector, E = Em − ηS ′5 with
S ′5 =
1
g2I
∫
dd−1x
(
F I0nF
I
5n +
4∑
p=d−1
D0ΣIpD5ΣIp + (D0H iA)∗(D5H iA) + (D5H iA)∗(D0H iA)
)
.(4.16)
Dyonic solitons: When we perform the trivial dimensional reduction along the x5-direction,
1/4 BPS wavy solitons reduce to 1/4 BPS dyonic solitons. By this dimensional reduction,
Eqs. (4.14) reduce to
F0n + ηDnΣ5 = 0, D0Σp + iη [Σ5,Σp] = 0, D0Σ5 = 0, D0H iA − iη(Σ5)ABH iB = 0. (4.17)
27
These can be solved by the solution given in Eq.(3.27). Combining Eqs. (4.17), the Gauss law
1
g2I
(
DnF I0n + i
4∑
p=d−1
[Σp,D0Σp]I
)
− 2i(T I)ABH iB
↔
D0(H iA)∗ = 0 (4.18)
determines the configuration of the Σ5. The fifth component of the Poynting vector given in
Eq.(4.16) reduces to the electric charge
S ′5 → Qe =
1
g2I
∫
dd−1x
(
F I0nDnΣI5 + i
4∑
p=d−1
D0ΣIp [Σp,Σ5]I
−i(D0H iA)∗(Σ5H iA) + i(Σ5H iA)∗(D0H iA)
)
=
1
g2I
∫
dd−1x ∂n
(
ΣI5F
I
0n
)
(4.19)
and the energy is given by E = −ηQe + Em(≥ 0).
4.2 Series of the type IIa
While the type IIb series of the 1/4 BPS equations in the previous subsection has been found
recently and studied so far, the most of 1/4 BPS equations of the type IIa given in this subsection
are unknown and new. We do not make an effort to solve the BPS equations in this paper. Instead
we concentrate on finding new 1/4 BPS equations, classifying them and discussing their physical
properties. We leave detailed analysis of these 1/4 BPS equations as future problems.
4.2.1 Vortices
Let us turn our attention to the other 1/4 SUSY projection in 6 dimensions. We consider the
following type IIa operators
γ23(iσ1ε)
i = ξ1ε
i, γ31(iσ2ε)
i = ξ2ε
i, γ12(iσ3ε)
i = ξ3ε
i, ξ1ξ2ξ3 = −1. (4.20)
By imposing SUSY preservation δλi = 0 and δψA = 0 in the SUSY transformation laws (2.3)
with the Killing conditions (4.20), we find new 1/4 BPS equations
Fαβ = Fαn = 0, DαH i = 0, (4.21)
3∑
n=1
(τn)
i
jDnHj = 0, 12ǫnmlFml = ξnYn, (4.22)
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where we have defined τn ≡ ξniσn and α, β = 0, 4, 5 and n,m, l = 1, 2, 3. Equation (4.21) is
satisfied by simply ignoring the xα dependence and by ignoring Wα. Equation (4.22) consists
of three 1/2 BPS equations describing vortices in the x1-x2 plane, those in the x2-x3-plane and
those in the x3-x1-plane. The configuration can be summarized as follows.
VVV 0 1 2 3 (4) (5) FI sign
Vortex © © × × © © iσ1 ζI1 ξ1
Vortex © × © × © © iσ2 ζJ2 ξ2
Vortex © × × © © © iσ3 ζK3 ξ3
Here ζI1 , ζ
J
2 , ζ
K
3 (I 6= J 6= K 6= I) denote first, second, third components of three different triplets
of the FI-parameters, respectively, as explained below. The energy of these composite states is
the sum of the energy of vortices in the three directions, given by
Em =
(
ξ3V(3)12
)
v3 +
(
ξ1V(1)23
)
v1 +
(
ξ2V(2)31
)
v2. (4.23)
In the case that the moduli space of vacua is a non-trivial Higgs branch Mvac., the model
reduces to the hyper-Ka¨hler nonlinear sigma model onMvac. in the strong gauge coupling limit.
Vortices reduce to lumps and the equations (4.21) and (4.22) reduce to those for lump intersec-
tions found in [54, 55]. (The Killing conditions (4.20) were already found in [54].) The energy
bound (4.23) reduces to the sum of the pull-back of three complex structures I, J and K on the
hyper-Ka¨hler manifold Mvac. to the x1-x2, x2-x3 and x3-x1 planes, respectively.
We need to turn on an FI parameter to obtain a vortex solution. The direction of the FI
parameters (ζI1 , ζ
I
2 , ζ
I
3 ) in the three dimensional space has to be parallel to the direction of the
unit vector (n1, n2, n3) in the 1/2 SUSY projection operator γ
nm(~n · i~σ) for the vortices in the xn-
xm plane [54]. Therefore we need to introduce several (at least three) FI parameters in different
directions with gauge group containing several U(1) factors, to obtain intersecting vortices. Such
FI-parameters were summarized in the table above.
We do not know if there exist nontrivial junctions of vortices, like domain wall webs [50] in
subsection 4.1.3 (or (p, q) string webs). One negative circumstantial evidence is the fact that this
system does not contain junction charge unlike domain wall junction with the Hitchin charge or
intersecting vortices with the instanton charge. However this may not be crucial because wall
junctions and intersecting vortices of the type IIb exist in the strong gauge coupling limit in which
these junction charges vanish.
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4.2.2 Vortex - Wall
By performing the SS dimensional reduction along the x3-direction in the above 1/4 BPS system
of three orthogonal vortices, we can find another set of new 1/4 BPS equations for vortices and
walls, given by
F12 = ξ3Y3, D1Σ3 = ξ2Y2, D2Σ3 = −ξ1Y1, (4.24)∑
n
(τn)
i
jDnHjA = iτ3
[
(Σ3)
A
BH
jB −m3,AHjA
]
, (4.25)
with n = 1, 2. The configuration can be summarized as follows
VWW 0 1 2 (4) (5) FI sign
Wall © © × © © iσ1 ζI1 ξ1
Wall © × © © © iσ2 ζJ2 ξ2
Vortex © × × © © iσ3 ζK3 ξ3
The energy of these composite states can be calculated as
Em = ξ3V(3)12 +
(
ξ1W(1)2,3
)
v1 +
(
−ξ2W(2)1,3
)
v2. (4.26)
Vortex-strings in this system are parallel to both walls perpendicular to x1 and those to x2.
This system is very similar to the system admitting wall junctions discussed in subsection 4.1.3.
In the previous case, codimension two objects are the Hitchin vortices, which can live only in
the unbroken phase. They are able to be localized at junction lines of walls, because gauge
group is almost recovered inside walls. They can play a role of binding energy of walls. However
codimension two objects in the current case are ordinary vortices which live in the Higgs phase.
Therefore they cannot come inside walls but rather live outside walls. Since they cannot become
binding energy, we do not know if there can exist nontrivial wall junctions in this case; this system
may admit only trivially (or at most asymptotically) orthogonally intersecting walls. However at
least in the strong gauge coupling limit, the junction charge vanishes in the previous case. This
implies that junction charge is not needed to make wall junctions in general. Therefore some
nonlinear sigma models may admit wall junctions with vortex(lump)-strings outside walls.
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4.3 Summary of 1/4 BPS systems
In this section we have shown that all 1/4 BPS states are classified into two classes, the types IIa
and IIb, which preserve N = (1, 1) and (2, 0), respectively, in the case of two dimensional world-
volume. According to this classification, there exist two sets of 1/4 BPS equations in d = 6.
We have obtained diverse 1/4 BPS equations in dimensions less than six. They admit various
composite solitons as summarized in Table 3. Most of the 1/4 BPS equations in the type IIb
have been known already, whereas those in the type IIa have not been found yet and are new.
Table 3: 1/4 BPS states. Definitions of all symbols here are given in the caption of Table 1.
d = 6 d = 5 d = 4 d = 3 d = 2
N = 1 N = 1 N = 2 N = 4 N = (4, 4)
type IIb d˜ = 2, N = (2, 0) (w-)IVV (w-)MVW (w-)HWW
(w-)HV
(w-)NW -
d˜ = 1, N = 2 - (Q-)IVV (Q-)MVW (Q-)HWW
(Q-)HV
(Q-)NW
d˜ = 3, N = 1 VVV VWW WW - -
type IIa d˜ = 2, N = (1, 1) - VVV VWW WW -
d˜ = 1, N = 2 - - VVV VWW WW
Like the type IVa and IVb in 1/2 BPS states, the type IIa and type IIb exhibit very different
features. Since composite states contain solitons with different dimensions, it depends if there
exist normalizable zero modes or not. If they exist dynamics of these composite states can be
described by nonlinear sigma models on the target space as the moduli space. According to the
unbroken SUSY which they preserve, their target spaces as moduli spaces are Riemann manifolds
or Ka¨hler manifolds (with torsion) [69] for the type IIa or IIb, respectively.
By the group including the present authors, the implicit solutions for the most of the 1/4
BPS equations of the type IIb were obtained except for HV and NW in the table. For instance
MVW was solved in [41], IVV in [43] and HWW (wall webs) in [50, 51]. All the exact solutions
are available in the strong gauge coupling limit. For some cases, the moduli spaces were deter-
mined and explicit relations between moduli parameters and actual soliton configurations were
examined. On the other hand, no solutions are found yet for the 1/4 BPS equations of the type
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IIa.
5 1/8 BPS Systems: the type I
The results in this section are new.
5.1 Instanton - Vortex
As we mentioned in Sec.3, the fundamental 1/2 BPS solitons in the 6 dimensions with N = 1
SUSY are the vortex (3-brane) and the instanton (1-brane) like M2 and M5-brane which are
fundamental 1/2 BPS objects in M-theory. In the previous section, we have found that two
composite states of the vortices (V) and the instantons (I), namely the type IIa (VVV) and the
type IIb (IVV), are possible as the 1/4 BPS states. Furthermore, there exists the unique 1/8 BPS
composite state of the vortices and the instantons (the type I). A set of the projection operators
on the Killing spinor, Γaε = λaε, is given as follows
Γa =
{
γ05, γ12iσ3, γ
34iσ3, γ
23iσ1, γ
14iσ1, γ
31iσ2, γ
24iσ2
}
, (5.1)
where we assign signs λa = (η, ξ3, −ηξ3, ξ1, −ηξ1, ξ2, −ηξ2) with ξ1ξ2ξ3 = −1. Requiring the
invariance δλi = 0 and δψA = 0 in Eq.(2.3) for the 1/8 SUSY projected by the above operators,
we get the following 1/8 BPS equations
1
2
ǫnmlFml − ηFn4 = ξnYn, (m,n, l = 1, 2, 3), (5.2)
4∑
m=1
(qm)
i
jDmHj = 0, (5.3)
qm ≡ (ξ1iσ1, ξ2iσ2, ξ3iσ3,−η12). (5.4)
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It may be interesting to note the quaternionic structure qm in these equations. We summarize
this 1/8 BPS configuration below.
IV6 0 1 2 3 4 (5) sign
Instanton © × × × × © 12 η
Vortex © © × × © © iσ1 ξ1
Vortex © × © × © © iσ2 ξ2
Vortex © × × © © © iσ3 ξ3
Vortex © × © © × © iσ1 −ηξ1
Vortex © © × © × © iσ2 −ηξ2
Vortex © © © × × © iσ3 −ηξ3
This 1/8 BPS configurations of the instantons and the vortices are independent on x5, so these
also exist in 5 dimensions. This configuration without instantons was expected in [55] without
any equations in the context of hyper-Ka¨hler nonlinear sigma models in d = 5.
Since the set of the projection operators in Eq.(5.1) contains γ05, we can add Eq.(3.5) to the
above 1/8 BPS equations still preserving the same 1/8 SUSY. Similarly to the type IVb and the
type IIb, Eq.(3.5) gives wavy extensions, and the dyonic extension when we perform the trivial
dimensional reduction along the x5-direction. Then the energy of this composite state is the sum
of energies of instantons and vortices with energy coming from the electric flux
E = −ηX + ηI1234 +
(
ξ3V(3)12
)
v34 +
(
ξ1V(1)23
)
v14 +
(
ξ2V(2)31
)
v24
−
(
ηξ3V(3)34
)
v12 −
(
ηξ1V(1)14
)
v23 −
(
ηξ2V(2)24
)
v13, (5.5)
where X denotes the 5th component of the Poynting vector (4.16) or the electric charge (4.19)
of the dyonic solitons.
5.2 Descendants of the type I
5.2.1 Monopole - Vortex - Wall
By performing the SS dimensional reduction along the x4-direction, the type I 1/8 BPS states in
6 dimensions given in the previous subsection reduce to other 1/8 BPS composite states which
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contain monopoles, vortices and walls. The corresponding 1/8 BPS equations are of the form
1
2ǫnmlFml + ηDnΣ4 = ξnYn, (5.6)
3∑
n=1
(τn)
i
jDnHj = −iη
[
(Σ4)
A
BH
iB −m4,AH iA
]
. (5.7)
The configurations are summarized in the following table.
MV3W3 0 1 2 3 (5) sign
Monopole © × × × © 12 η
Vortex © © × × © iσ1 ξ1
Vortex © × © × © iσ2 ξ2
Vortex © × × © © iσ3 ξ3
Wall © × © © © iσ1 −ηξ1
Wall © © × © © iσ2 −ηξ2
Wall © © © × © iσ3 −ηξ3
Their energy is given by the sum of contributions from monopoles, vortices and walls, and energy
coming from the electric flux or the electric charge:
E = −ηX + ηM123 +
(
ξ3V(3)12
)
v3 +
(
ξ1V(1)23
)
v1 +
(
ξ2V(2)31
)
v2
−
(
ηξ3W(3)3,4
)
v12 −
(
ηξ1W(1)1,4
)
v23 −
(
ηξ2W(2)2,4
)
v31 (5.8)
with X denoting the 5th component of the Poynting vector (4.16) or the electric charge (4.19)
of the dyonic solitons.
At this stage we cannot expect what kinds of configuration are actually possible as solutions
of the 1/8 BPS equations (5.6) and (5.7). As one of interesting possibilities, we expect that
there may exist a 1/8 BPS state of a vortex-string network. Such expectation seems to be
natural because it has been well established that two vortices extending to opposite directions
can be connected at a monopole junction point, as a 1/4 BPS state of a monopole in the Higgs
phase [39]. Since this 1/8 BPS system contains monopoles and vortices extending to different
three directions, two or more vortices may meet at a monopole junction point, and junctions
may constitute a three-dimensional vortex-string network, not like two-dimensional (p, q) string
webs.
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5.2.2 Hitchin vortex - Vortex - Wall
When we further dimensionally reduce the x3-direction, we obtain a system of vortices and
Hitchin vortices both living in the x1-x2 plane and walls perpendicular to the x2 direction and
walls to the x1 direction in d = 4, N = 2 gauge theory. The BPS equations for this system can
be obtained as the dimensional reduction of the BPS equations (5.6) and (5.7), to give
D1Σ3 + ηD2Σ4 = ξ2Y2, −D2Σ3 + ηD1Σ4 = ξ1Y1, F12 − iη [Σ3,Σ4] = ξ3Y3, (5.9)
2∑
n=1
(τn)
i
jDnHj = −ξ3(σ3)ij
[
(Σ3)
A
BH
jB −m3,AHjA
]− iη [(Σ4)ABH iB −m4,AH iA] . (5.10)
The energy of these 1/8 BPS states is given by
E = −ηX + ηH12 + ξ3V(3)12
+
(
ξ1W(1)2,3 − ηξ2W(2)2,4
)
v1 −
(
ξ2W(2)1,3 + ηξ1W(1)1,4
)
v2 (5.11)
with X denoting the 5th component of the Poynting vector (4.16) or the electric charge (4.19)
of the dyonic solitons. The configurations are summarized in the following table.
HVW2W2 0 1 2 (5) sign
Hitchin vortex © × × © 12 η
Wall © © × © iσ1 ξ1
Wall © × © © iσ2 ξ2
Vortex © × × © iσ3 ξ3
Wall © × © © iσ1 −ηξ1
Wall © © × © iσ2 −ηξ2
The 1/8 BPS equations (5.9) and (5.10) were eventually obtained in [49] in the case of U(1)
gauge theory coupled to two hypermultiplets with equal U(1) charges, although the authors in
[49] did not realize that they are 1/8 BPS and just analyzed 1/4 BPS wall junction (with Hitchin
vortices) without ordinary vortices at that time. More general solutions would become wall
junctions with vortices outside walls, but it is difficult to construct them at this stage.
Another interesting possibility of solitons is the Hitchin vortex inside vortices, both extending
to fifth direction. For concreteness let us consider U(2) gauge theory with two hypermultiplets
in the fundamental representation with equal U(1) charges. Since the Hitchin vortex live in
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unbroken phase (of non-Abelian gauge group), it cannot live inside a single vortex, where only
U(1) gauge group is recovered. If positions of two vortices eventually coincide but their orienta-
tions are in the upper left and the lower right elements, U(2) gauge group is recovered at that
coincident point (line). Then we expect that a Hitchin vortex lives inside those two coincident
vortices with gluing them together, to become a 1/8 BPS composite state of the Hitchin vortex
and two vortices.
When we perform the further SS dimensional reduction along the x2-direction, we get another
set of 1/8 BPS equations in d = 3 (2) which contains the Nahm walls and walls (NW3).
Before closing this section let us give a comment about supersymmetry in d = 4. After the SS
dimensional reductions twice along the x4 and x3-directions from d = 6, the projection operator
γ34iσ3 does not give any restriction for the BPS equations and just separate eight supercharges
to 2 sets of four supercharges. This means that the 1/8 BPS equations (5.9) and (5.10) can be
embedded into the model with N = 1 in 4 dimensions as a 1/4 BPS equations.
5.3 Summary of 1/8 BPS systems
Since 1/8 BPS states preserve just one SUSY, a set of 1/8 BPS equations is the unique in the
maximal dimension d = 6. All 1/8 BPS equations in dimension less than six can be obtained
from it by dimensional reductions. We have written down BPS equations in d = 5 and d = 4,
but we have stopped it there because it is a simple task. All 1/8 BPS system in gauge theory
with eight supercharges are summarized in Table 4. One can find the rests of 1/8 BPS systems
in lower dimensions.
Table 4: 1/8 BPS states. Definitions of all symbols here are given in the caption of Table 1.
d = 6 d = 5 d = 4 d = 3 d = 2
N = 1 N = 1 N = 2 N = 4 N = (4, 4)
d˜ = 2 (w-)IV6 (w-)MV3W3 (w-)HVW2W2 (w-)NW3 -
d˜ = 1 - (Q-)IV6 (Q-)MV3W3 (Q-)HVW2W2 (Q-)NW3
Since all 1/2 or 1/4 BPS equations can be obtained by simply ignoring some projections,
their solutions automatically satisfy the unique 1/8 BPS equations (5.2) and (5.3). Therefore
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1/8 BPS equations contain all possible BPS states in theories with eight supercharges. However,
unlike the cases of 1/2 or 1/4 BPS states, solving 1/8 BPS equations is very difficult. It is still
difficult to find even a special 1/8 BPS solution. That remains as a future problem.
6 Conclusion and Discussion
We have systematically derived 1/4 BPS and 1/8 BPS equations describing composite states made
of various 1/2 BPS solitons in SUSY gauge theories in d = 6, 5, 4, 3, 2 with eight supercharges.
First of all we have derived, in 6 dimensions, all the 1/2 BPS, 1/4 BPS and 1/8 BPS equations
by clarifying the projection operators giving the Killing conditions on fermions of unbroken
supersymmetry transformation. Then we have found their descendant BPS equations in lower
dimensions by performing the SS and/or the trivial dimensional reductions. While we have
found lots of new BPS equations, we have also rederived known BPS equations. Let us briefly
summarize which are new contribution found in this paper and which are not.
We have found that the known 1/2 BPS objects in SUSY gauge theories with eight super-
charges can be classified into two classes, according to the chirality of unbroken supercharges:
the type IVa defined by the projections (2.10) and the type IVb defined by the projections (2.11),
which preserve N = (2, 2) (non-chiral) SUSY and N = (4, 0) (chiral) SUSY, respectively, in the
case of two dimensional world-volume. The type IVa contains the vortex equations (3.34) and
(3.35) studied in Refs. [13]–[17] and domain-wall equations (3.38) and (3.39) studied in Refs. [20]–
[30]. The type IVb contains the well established soliton equations: the instanton equations (3.7),
the monopole equations (3.9), the Hitchin equation (3.11) and the Nahm equation (3.13). As
a new result, we have found an extension of solitons in the type IVb to wavy solitons (3.17),
along the x5-direction of whose world-volume electric waves travel. We have constructed concrete
solutions (3.23) of these wavy solitons. They are reduced to known dyonic solitons (3.26) by the
dimensional reduction along the x5-direction. The dyonic instantons [31] and dyons [32] are such
solitons.
As to 1/4 BPS objects, we have classified them into the type IIa defined by the projections
(2.12) and the type IIb defined by the projections (2.13) which preserve N = (1, 1) (non-chiral)
SUSY and N = (2, 0) (chiral) SUSY, respectively, in the case of two dimensional world-volume.
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Recently much attention have been paid to the type IIb solitons: the vortex-instanton system
described by Eqs.(4.2) and (4.3) was analyzed in [43], the monopole-vortex-domain-wall system
described by Eqs.(4.5) and (4.6) was analyzed in Refs. [37]–[42] and the system of domain wall
junctions (4.8)-(4.11) was analyzed in Refs. [49]–[52]. We also have discussed in Sec. 4.1.4 possi-
bility of new composite states made of Hitchin vortices and ordinary vortices, and of Nahm walls
and domain walls. Besides the descent relations between these 1/4 BPS objects, we have pointed
out that topological charges in the type IVb, namely the instanton charge, the monopole charge
and the Hitchin charge, arise at junction points of different solitons. In the Abelian gauge theory
the junction charges contribute negative masses to the total energy while the topological charges
with positive masses arise in the non-Abelian gauge theory as usual. As a new result, we have
found that the type IIb has the wavy and the dyonic extensions (4.14) with keeping the 1/4 BPS
condition, much like solitons of the type IVb.
On the other hand, unlike the type IIb, the type IIa includes many new interesting equations
which have not been studied yet. The new equations (4.21) and (4.22) describe intersecting
vortex-strings extending to three different directions. These equations reduce in the strong gauge
coupling limit to those for intersecting lump-strings in a hyper-Ka¨hler sigma model [54, 55]. The
other new equations (4.24) and (4.25) describe composite states of intersecting domain walls and
vortex-strings which sit outside walls and are parallel to the intersection line. For both sets of
equations, constructing solutions is not succeeded yet and remains as a future problem.
Finally, we have explored the unique set of the 1/8 BPS equations (5.2) and (5.3) in six
dimensions from the type I projections (2.14). These equation describe instanton-strings and
vortex-3-branes in six different directions. These equations (5.2) and (5.3) are completely new and
are nicely written in terms of the quaternion. We then have obtained the 1/8 BPS descendants of
Eqs. (5.2) and (5.3): the equations (5.6) and (5.7) describing monopoles with triply intersecting
vortices and triply intersecting domain walls, and the equations (5.9) and (5.10) describing two
kinds of intersecting domain walls with the Hitchin charge and vortices outside walls. We have
pointed out a three-dimensional network of vortex-strings connected by monopoles as a possible
solution of Eqs. (5.6) and (5.7). We have shown that all of these 1/8 BPS equations have the wavy
and the dyonic extensions. We can call the equations (5.2) and (5.3) as the mother equations of
the Yang-Mills-Higgs system in the sense that all the other BPS equations including 1/2 BPS and
1/4 BPS equations can be derived from these equations by the SS and/or the trivial dimensional
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reductions and/or by truncating appropriate coupling constants and/or fields. Solving the mother
equations (5.2) and (5.3) or determining their moduli space is one of final goal of this subject.
We present several discussion and future directions here.
D-brane configurations. In this paper we have considered general gauge group with general
matter contents. The mostly discussed model is the U(NC) gauge theory coupled to hypermul-
tiplets in the fundamental representation with equal U(1) charge. This model can be realized as
the effective gauge theory on NC Dp-branes under the background of NF D(p + 4)-branes sepa-
rated to one, two, three and four directions, corresponding to real, complex, triplet and quartet
masses for p = 1, 2, 3, 4, respectively. In that model, 1/2 BPS walls are realized as NC kinky
Dp-branes traveling between NF separated D(p+ 4)-branes [21, 27]. In the case of 1/4 BPS wall
junctions [50] in Sect.4.1.4, two of transversal directions of D3-branes, in a plane orthogonal to
D7-branes with complex positions, depend on two world-volume directions D3-branes [52]. Brane
configurations for vortices were given by Hanany and Tong [14]. Duality between vortices and
domain walls is understood as T-duality between corresponding brane configurations [16]. Brane
configuration for a monopole in the Higgs was also obtained by Hanany and Tong [39]. Diverse
BPS equations found in this paper will provide more variations of ample D-brane configurations.
The Nahm transformation between solutions of vortices and walls and between composite
states. The type IVb equations are the members of the well-established series of instantons
(SDYM), BPS monopoles, the Hitchin vortices, the Nahm walls (the Nahm data), if we take the
Kaluza-Klein modes into account. The Nahm transformation maps between the ADHM/Nahm
data and instanton/monopole solutions. Therefore we expect that there should exist a Nahm-like
transformation among the type IVa equations for vortices and domain walls. We also suspect
similar relation for the type IIb equations describing, for instance, instantons/monopoles in the
Higgs phase.
Higher co-dimensions/dimensions and higher SUSY. The same analysis should be applied
to theories with sixteen supercharges. The maximal dimension is ten in this case. Therefore
BPS solitons with higher codimensions and/or in higher dimensions are possible. For instance
a BPS soliton of co-dimension five was found in [70]. The Donaldson-Uhlenbeck-Yau instantons
[71] are of co-dimension six and are 1/4 BPS in d = 7 [72, 63].11 The octernionic instantons
11It has been recently pointed out in [73] that the SDYM-Higgs equations (4.2) and (4.3) in d = 4 + 1 can
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are of co-dimension eight [74, 75]. Classification of these BPS solitons of higher codimensions is
interesting extension.
Non-commutative solitons. We have not considered solitons in non-commutative space. Ex-
tensions of BPS equations to non-commutative solitons should be possible.
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